








P

P = { , , , , , , , , , , , , , , , , , , , , . . . }.

n n

Prime P



p � √n p n n >

b >
√
n a >

√
n < a � b < n n = ab n

a > a � √n b � √n a � √n n = ab > (
√
n) = n

n a
√
n

√
n n >

, , , . . . , n

n
√
n



< < =⇒ <
√

<

=⇒
{
p ∈ P : p �

√ }
= { , , , , , , }.

n

n n n

p

p a ud(a) a ∈ Z

ud(p) ∈ { , , , }.

p

t(p) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

p− , ud(p) = ,

p− , ud(p) = ,

p− , ud(p) = ,

p− , ud(p) = .

p t(p) p

t( ) = p =

− × = .

t( ) = − =



− × = − = ,

− × = − = ,

− × = − = ,

− × = − = ,

− × = − = ,

− × = − = ,

− × = − = ,

=

+

n n

n

n = ab n

n =

(
a+ b

)
−

(
a− b

)
,

n a±b a, b

n n = (x− y)(x+ y) n = x − y

x =
√
n ∈ N x � √n x − n = y � n = x − y n

√
n x x >

√
n n n =

√
n ×√n n

y x − n

a − b = (a− b)(a+ b) a, b

n ∈ N

an − bn = (a− b)
(
an− + an− b+ an− b + · · ·+ a bn− + abn− + bn−

)
.



y = n− x = n+

(
n+

)
− n =

(
n− )

.

n = n×
n

√
n � x < n+ x n

n x − n

n =

<
√
n � .

x − n = = x =

n = − = × .

= × , = × .

< n =

x − x =
√
n �

− = x =

= − = × .

n ∈ N m = n a am + a,m >

am + am a am + � + =

m a

m = ns s �

am + = ans + = (an + )
(
an(s− ) − an(s− ) + · · · − an +

)
.

am + s �
n ∈ N m = n m



n

+ a = a

Fn

Fn =
n

+

n

Fn

F F Fn

n � Fn

F

k ∈ N p = n+ k + p Fn

F F

F

F = + =

F + ab − b = + ab = b = a =

F = + = + = ( ) + = ( a) +

= a + = ( + ab− b )a + = ( + ab)a + ( − a b )

= ( + ab)a + ( − a b )( + a b )

= ( + ab)a + ( − ab)( + ab)( + a b )

= ( + ab)
(
a + ( − ab)( + a b )

)
= ( + ab)

(
a − a b + a b − ab+

)
.

F + ab =

F

F F

F

a − a b + a b − ab+ = ,



F = + = × .

F = + = +

=

= × ,

F = + = +

=

= × .

(Fn)n�



A AZ O A

M A OX M AZ XY

MP P OA AMO

XY H P H OZ

E D C B A D C E B

M

H

A

B P

C D

E

OX Y

Z

n n

k � k n n n n

k � k

k � × k

k � × k

n

n

n



n = k n

Fj k � n = kF F F . . . Fr

, , , ,

n n

(= F ), (= F ), (= F ), (= F ), (= F ),

(= F F ), (= F F ), . . . , (= F F ),

(= F F F ), (= F F F ) . . . , (= F F F ),

(= F F F F ), (= F F F F ) . . . , (= F F F F ),

(= F F F F F ).

= × = ×

n ∈ N

p > n p|n! p � n p ∈ P ! = n! = × × · · · × n

n n! p � n!

n! p vp(n!)

vp(n!) =

∞∑
α=

[
n

pα

]
.

p , p , p , . . . n vp(n!)

v ( !)

! = × × × × × × × × × × × × × × × × × × × .

v ( !) = + + + =

! = ( )( )( )( )( )( )( )( ) = .



n �
n!

vp(n!) =
[
n
p

] √
n < p � n p ∈ P

vp(n!) =
n < p � n p ∈ P

v (n!) n!

α ∈ N p < q � n p, q ∈ P

pα < qα ⇒ n

pα
>

n

qα
⇒

[
n

pα

]
�

[
n

qα

]
⇒ vp(n!) � vq(n!).

[
n
p

]
= < n

p < p > n p >
√
n

α �[
n

pα

]
=

[ n
p

pα−

]
=

[
[ np ]

pα−

]
=

[
pα−

]
= .

vp(n!) =
[
n
p

]

n
< p � n⇐⇒ � n

p
< ⇐⇒

[
n

p

]
= .

α �[
n

pα

]
=

[ n
p

pα−

]
=

[
[np ]

pα−

]
=

[
pα−

]
= .

vp(n!) =

v (n!) � v (n!) = ×
v (n!)

n!

! !

, , , , , , , , , , , , , , , , , , , , , , , , .

! , , , , , , , , , =

, , , , , , , , , , p > =
√

p

vp := vp( !) =
[

p

]
v = , v = , v = , v = , v = , v = , v = , v = , v = , v = , v = .

, , , p � =
√

p

[
n

pα+

]
=

[ n
pα

p

]
=

⎡
⎣
[

n
pα

]
p

⎤
⎦ ,



p vp(n!)

v := v ( !)

v =

∞∑
α=

[
α

]
=

[ ]
+

[ ]
+

[ ]
+

[ ]
+

[ ]
+

[ ]
+

[ ]
+ · · ·

= + + + + + + + · · · = .

v = v ( !)

[ ]
= →

[ ]
= →

[ ]
= →

[ ]
= →

[ ]
= →

[ ]
= →

[ ]
= .

v := v ( !)[ ]
= →

[ ]
= →

[ ]
= →

[ ]
= →

[ ]
= .

v := v ( !) v = + + + =[ ]
= →

[ ]
= →

[ ]
= .

v := v ( !) ! v = + =

[ ]
= →

[ ]
= →

[ ]
= .

v = + =

! =( )( )( )( )( )( )( )( )( )( )( )( )( )

( )( )( )( )( )( )( )( )( )( )( )( ).

! =

,

( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , ).









r N d

d =
log

log
= .



−k k k

d = log
log =







V

G = (V,E) E

E = {ab, ad, ac, bd, ce} V = {a, b, c, d, e} G

a

deg(a)



G = (V,E)

Δ Δ(G) G



χ χ(G) G

n n G

n n n χ(G) ≤ n

n

v , v , ..., vn n G

v , , , ...

v v v



vi v , ..., vn

vi

Δ(G) + Δ(G)

G

G

χ(G) ≤ Δ(G) + .

n

n− n n

χ = Δ + Δ = n − n −

χ = Δ +

G

χ(G) ≤ Δ(G)

Δ = χ =



χ′ χ′(G) G

Δ ≤ χ′ G

Δ = χ′ =

Δ = χ′ =



Δ χ′

G

Δ(G) ≤ χ′(G) ≤ Δ(G) + .

G χ′(G) = Δ(G) G

χ′(G) = Δ(G) +

χ′′ χ′′(G) G

Δ

Δ+



G

Δ(G) + ≤ χ′′(G).

G

χ′′(G) ≤ Δ(G) + .

A , ...A T A

A T

A A A A

A A A A A

T

T



A

A









E V G(V,E)



R

G(V,E)

V +R− E = .

R = V =

V + R − E = E =

V + R − E = E = R = V =

V +R−E =



y x

R = x+ y.

x+ y
.

V =
x+ y

.

V +R− E = ( x+ y) + x+ y − ( x+ y) =



x =

× =

E = x = x x

V +R−E = x+x− x = V = x = x







n

n− n

n− k k n−

+ + + ·+ (n− ) + (n− ) =
n(n− )

.

n

n n n

n

n

n =

+ + + =

( )
= .



n

+ + + ·+ n+ (n+ ) =
(n+ )(n+ )

=

(
n+

)
.

k = k = � k � n n− k

n + k = n k =

+ + + ·+ n+ (n+ ) =
(n+ )(n+ )

=

(
n+

)
.

n n

S

S n S � S � n

n

z y x n

n k x+ y = n− k

⎧⎪⎨
⎪⎩

x+ y = n− k

x+ y + z = n,



x+ y = (x+ y + z)− k

y + z = k.

k y, z �
gcd( , )|k n

y = z = k =

k =

n −
u+ u k k k >

k = u, u + , u + , u + u � u + u + u + u +

y = u − z = k = u +

k = y = u + z = k = u +

n−

n n

n =



z y x n

x+ y + z x+ y

x+ y = x+ y + z,

z = x

n =

+ >

k � [n ] k + k = k < n k

[n]
+ .

n

x+ y y x

x + y = n(n − )



S x + y

⎧⎪⎨
⎪⎩
x+ y = n(n− )

x+ y = S.

⎧⎪⎨
⎪⎩
x+ y =

x+ y = .

y = x =

n(n− ) n S

n(n− ) � S � n(n− ) n(n− )

n

x = y = n(n− ) n(n− )

x+ y

x+ y = × n(n− )
+ × n(n− )

=
n(n− )

= k.

B

A



x = y x+ y y x

x+ y = y + y = y,

n m B A

B A

a (a, b) A

B b A

A

( , ), ( , ), ( , ), ( , ), ( , ), ( , ).

B

( , ), ( , ), ( , ).

( , ) ( , ), ( , ).

A m > n

{
( , ), ( , ), · · · , (m, ), ( , ), ( , ), · · · , (m, ), ( , ), ( , ), · · · ,

(m, ), · · · , (n+ , n), (n+ , n), · · · , (m,n)
}

m+m− +m− +m− + · · ·+m− n = (n+ )m− ( + + + · · ·+ n) .

B

{
( , ), ( , ), · · · , ( , n), ( , ), ( , ), · · · ( , n), · · · , (n, n− )

}

+ + + · · ·+ n.



{
( , ), ( , ), ( , ), · · · , (n, n)

}

n+

(n+ )m− ( + + + · · ·+ n) + ( + + + · · ·n) + n+

= (n+ )m+ n+ = (m+ )(n+ ).

B A

(m+ )(n+ ).

(a, b, c)

( , ), ( , ), ( , )



( , , ) ( , , ) ( , , )

( , , ) ( , , ) ( , ,

( , , ) ( , , ) ( , , )

( , , ) ( , , ) ( , , )

( , , ) ( , , ) ( , , )

( , , ) ( , , ) ( , , )

( , , ) ( , , ) ( , , )

( , , ) ( , , ) ( , , )

( , , ) ( , , )

n

( − − )

( − − )

− − − − − − −

= + = + = + + = + + = + + +

= + + + .

p( ) = p( ) =

− − − − − − − − − − − −



∗ ∗ ∗| ∗ ∗ ∗ ∗ ∗ | ∗ ∗.
( )

=

∑
�k�

(
k −

)
=

∑
�k�

(
k

)
= = .

n

n− + n− + · · ·+ + + = n − .

n+ n

n− n

× n− × =

× n− = n−

n− + n− + · · · + + + = n− .

× n− + n− = × n− + × n− = × n− = n+ .

n



n− n

n−

n− + n− + n− + n− + n− + · · ·+ + + = n+ − .

n+ −

n−

n−

n− + n− + n− + n− + n− + n− + · · ·+ + +

= n + n− + n− + · · ·+ + = n+ − .

n+ −

p n

p+

n(n− )

p+ = n(n− ) + = n − n+ = ( n− ) .

n

n+

n(n− )
+

n(n+ )
=

n
(n− + n+ ) = n .



(
n(n+ )

)
−

(
n(n+ )

)
=

n (
(n+ ) − (n− )

)
= n .


